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Abstract
Suppose that Xðx1; x2Þ is a planar vector ﬁeld with bounded coefﬁcients and bounded
divergence. Suppose in addition that X preserves a volume with Lipschitz continuous density.
We prove that there is uniqueness in the Cauchy problem for the transport operator @t þ X
and also uniqueness in the Cauchy problem for X at noncharacteristic hypersurfaces.
r 2004 Elsevier Inc. All rights reserved.
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This note proves two variations on a result of [CL]. For a vector ﬁeld
X :¼ a1ðx1; x2Þ @
@x1
þ a2ðx1; x2Þ @
@x2
:¼ a:@x; ajALNlocðR2Þ
on R2 with locally bounded coefﬁcients and vanishing divergence
@a1
@x1
þ @a2
@x2
¼ 0 in the sense of distributions;
they prove local uniqueness in the Cauchy problem at noncharacteristic
hypersurfaces.
ARTICLE IN PRESS
Corresponding author.
E-mail addresses: colombini@dm.unipi.it (F. Colombini), rauch@umich.edu (J. Rauch).
1Partially supported by the US National Science Foundation Grant NSF-DMS-0104096.
0022-0396/$ - see front matter r 2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.jde.2004.06.007
A hypersurface frðxÞ ¼ 0g; with C1 deﬁning function is noncharacteristic at
%
x
when a:@xr is strictly positive (or negative) a.e. on a neighborhood of
%
x: Their proof
works as well for operators of the form a:@x þ LNloc: The regularity of the coefﬁcients
here is much lower than is required in higher dimensions.
In this note we extend their result in two ways. The ﬁrst extends the analysis from
the divergence-free setting. Divergence-free ﬁelds are those for which the ﬂow
preserves the two-dimensional Lebesgue measure. Our ﬁrst result extends their result
to ﬁelds whose ﬂow conserves an area cðx1; x2Þ dx1 dx2: In the smooth case,
conservation of this measure is equivalent to
div ðcaÞ ¼ a:@xc þ ðdiv aÞc ¼ 0: ð1Þ
Deﬁnition. We say that the ﬁeld a:@x preserves the volume cdx1 dx2 in the weak sense
when cALNloc satisﬁes div ðcaÞ ¼ 0 in the sense of distributions.
Area preservation hypothesis. The ﬁeld a:@x with aðxÞ;div aALNloc preserves (in the
weak sense) cðxÞ dx1 dx2 with strictly positive locally uniformly Lipschitz continuous
density c:
When div a is bounded it is not difﬁcult to construct solutions, cðxÞALNloc; of (1)
satisfying 0odpc: The crucial part of our hypothesis is the Lipschitz continuity of c:
We do not know if our results are true if one assumes bounded divergence and drops
the hypothesis that there is a Lipschitz continuous solution.
The second result concerns the transport operator @t þ aðxÞ@x þ LNloc on R1þ2 with
aðxÞ:@x satisfying the area preserving hypothesis.
At the end we show that the solutions proved to be unique here are
renormalizable. In particular the ﬂow exists, is unique, and preserves the area in
the classical sense.
Theorem 1. If the area preserving hypothesis is satisfied and bðxÞALNlocðR2xÞ then
a:@x þ b has local uniqueness in the Cauchy problem at noncharacteristic hypersur-
faces.
Theorem 2. If the area preserving hypothesis is satisfied and bðt; xÞALNlocðR1þ2Þ; then
the operator @t þ aðxÞ:@x þ bðt; xÞ has local uniqueness in the Cauchy problem at the
hypersurface ft ¼ 0g:
Recent counterexamples [CLR,D1,D2], following the inspiration of Aizenmann
[Ai], show that the two dimensionality of these results cannot be dropped. There are
autonomous bounded divergence-free ﬁelds on aðx1; x2; x3Þ:@x1;x2;x3 on R3 and
nonautonomous divergence-free ﬁelds aðt; x1; x2Þ:@x1;x2 on R2 with the property that
there is nonuniqueness in the Cauchy problem for @t þ a:@x at the hypersurface
ft ¼ 0g: In higher dimensions, the recent sharp result of Ambrosio [Am] following
earlier work of Colombini and Lerner, shows that there is uniqueness in the Cauchy
problem for @t þ a:@x þ b when aABV and div a; bALN:
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Theorem 1 is proved by reducing it to the divergence-free case. The Hamiltonian
method from [CL] is used in all the proofs. Theorems 2 and 4 use an interesting
double application of the Hamiltonian strategy.
Proof of Theorem 1. Replace the equation
ða:@x þ bÞu ¼ 0;
by
ðc a:@x þ cbÞu ¼ 0: ð2Þ
Since c is strictly positive and Lipschitzean, u is a locally bounded weak solution of
(1) if and only if it is a weak solution of (2). We now apply the method of [CL]. The
ﬁeld X :¼ c a:@x is divergence free and therefore Hamiltonian
X :¼ c a:@x ¼ @s
@x2
@
@x1
 @s
@x1
@
@x2
;
with s uniformly Lipschitzean on a neighborhood of
%
x:
The noncharacteristic condition is equivalent to the fact that the Jacobian
determinant of the mapping kðx1; x2Þ ¼ ðr; sÞ is strictly positive on a neighborhood
of
%
x;
jXrj ¼ jdet k0j ¼ det @1r @2r
@1s @2s
 
Xm40:
Thus k is a local biLipschitzean homeomorphism. Denote by n the inverse. The weak
form of (2) asserts that for test functions fðx1; x2ÞALip-E0
0 ¼
Z
uðx1; x2ÞðX þ cbÞf dx1 dx2: ð3Þ
In (3), change coordinates to r; s;
0 ¼
Z
u 3 nðr; sÞððX þ cbÞfÞ 3 nðr; sÞ det n0ðr; sÞ dr ds: ð4Þ
Denote by Fðr; sÞ :¼ fðnðr; sÞÞ: For the Hamilton ﬁeld X ; Xs ¼ 0 so
Xf ¼ X ðF 3 kÞ ¼ X ðFðrðx1; x2Þ; sðx1; x2ÞÞÞ ¼ ðFr 3 kÞððXrÞ 3 kÞ ¼ Fr 3 kðdet k0 3 kÞ:
Inserting this in (4) yields
0 ¼
Z
u 3 nðr; sÞ @Fðr; sÞ
@r
þ ðcb det n0Þ f 3 n
 
dr ds: ð5Þ
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Thus on a neighborhood of kð
%
xÞ; w :¼ u 3 n is a weak solution of
@w
@r
þ ðcb det n0Þ w ¼ 0; w ¼ 0 for ro0 or for r40:
It follows that w vanishes on a neighborhood of kð
%
xÞ and therefore u vanishes on a
neighborhood of
%
x: This completes the proof. &
Proof of Theorem 2. Suppose that uALNloc satisﬁes
ð@t þ a:@x þ bÞu ¼ 0; u ¼ 0 for to0; ð6Þ
on a neighborhood of ð0;
%
xÞ: Multiplying by the Lipschitzean c to ﬁnd
ðc@t þ X þ cbÞ ¼ 0:
with divergence-free vector ﬁeld X ¼ cðxÞaðxÞ:@x: Performing a change of variables
which affects only the last two variables
ðt; r; sÞ ¼ *kðt; x1; x2Þ :¼ ðt; kðx1; x2ÞÞ; *n :¼ *k1;
shows that wðt; r; sÞ :¼ u 3 *n satisﬁes
c 3 *n det *n0@t þ @r þ ðcb 3 nÞ det *n0
 
w ¼ 0; w ¼ 0 for to0; ð7Þ
The t; r vector ﬁeld part is divergence free since the coefﬁcient of @t depends only on
ðr; sÞ: The variable s enters only as a parameter since there are no @s terms. For s
ﬁxed, the results of Theorem 1 apply. Thus an argument which sounds like but is not
quite a proof is to apply Theorem 1 for almost all s: The error is that we have not
proved that the bounded traces of w which exist for almost all s are solutions of the
ﬁxed s equation.
A correct proof is constructed by following the Hamiltonian strategy. Let
hðt; rÞ ¼
Z r
0
cðsÞ ds  t;
so that we have the Hamiltonian relation
ðc 3 nÞ det *n0@t þ @r ¼ @h
@r
@
@t
 @h
@t
@
@r
:
Introduce the change of variables kðt; rÞ :¼ ðt; hðt; rÞÞ with inverse, ðt; rÞ ¼ nðt; hÞ:
The invertibility comes from nonvanishing Jacobian determinant guaranteed by the
fact that c is strictly positive.
Use tildes to indicate the same change in ðt; r; sÞ space with s acting as a
parameter
n˜ðt; r; sÞ :¼ ðnðt; rÞ; sÞ; k˜ðt; h; sÞ :¼ ðkðt; hÞ; sÞ; k˜ ¼ n˜ 1:
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Introduce zðt; h; sÞ :¼ w 3 n˜ ¼ u 3 *n 3 n˜: Then z satisﬁes
ð@t þ ðdet n˜ 0Þcbðdet *n0ÞÞz ¼ 0; z ¼ 0 for to0:
The coefﬁcient of z is locally bounded. It follows that z ¼ 0 on a neighborhood of
k˜ 3 *kð0;
%
xÞ: Therefore, u ¼ z 3 k˜ 3 *k ¼ 0 on a neighborhood of ð0;
%
xÞ and the proof is
complete. &
Once uniqueness is known for @t þ a:@x the ﬂow
Fðt; xÞ ¼ ðF1ðt; xÞ;F2ðt; xÞÞ
of the vector ﬁeld a:@x is uniquely determined by solving
ð@t þ a:@xÞFj ¼ 0; Fjð0; xÞ ¼ xj :
Two natural questions which arise are whether the ﬂow preserves the volume
cðxÞ dx1 dx2; and whether the solution of the initial value problem with initial data u0
is given by the classical formula uðt; xÞ ¼ u0ðFðt; xÞÞ: Both questions are resolved
in the positive by proving that solutions are renormalizable in the sense of [DL,Li].
This property, proved below, is a veriﬁcation of Leibniz rule for the solution u and
the vector ﬁeld in the equation. The proof that it answers the above questions is left
to the interested reader.
The next two results are parallel and we prove only the second.
Theorem 3. Suppose that GAC1ðR;RÞ and the area preserving hypothesis is satisfied.
If u is a locally bounded weak solution of a:@xu ¼ gALNloc; then ða:@xÞGðuÞ ¼ G0ðuÞg in
the weak sense.
Theorem 4. Suppose that GAC1ðR;RÞ and the area preserving hypothesis is satisfied.
If u is a locally bounded weak solution of ð@t þ a:@xÞu ¼ fALNloc; then ð@t þ
a:@xÞGðuÞ ¼ G0ðuÞf in the weak sense.
Proof. The proof is local. Multiplying by c and performing the two
changes of variable from the proof of Theorem 2 show that ð@t þ a:@xÞu ¼ f is
equivalent to
@tz þ ðdet n˜ 0Þcðdet *n0Þ f ¼ 0: ð8Þ
Denote with a superscript e regularization by compactly supported convolution in
R1þ2: Then the family f@tzeg is bounded in LNloc and
@tz
e ¼ ððdet n˜ 0Þcðdet *n0Þ f Þe- ððdet n˜0Þcðdet *n0Þ f ð9Þ
strongly in L
p
loc for all poN:
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It follows that GðzeÞ converges equally strongly to GðzÞ and therefore @tGðzeÞ
converges in the sense of distributions to @tGðzÞ:
Now
@tGðzeÞ ¼ G0ðzeÞ@tze- G0ðzÞðdet n˜ 0Þcðdet *n0Þ f :
strongly in L
p
loc for all poN: Therefore,
@tGðzÞ þ G0ðzÞðdet n˜ 0Þcðdet *n0Þ f ¼ 0: ð10Þ
This equation, by double change of variable and division by c; is equivalent to
ð@t þ a:@xÞGðuÞ ¼ G0ðuÞf : The proof is complete. &
Remark. As there is always uniqueness for nonnegative solutions of bounded ﬁelds
with bounded divergence [CL], examples of nonuniqueness are examples of the
failure of Leibniz’ rule. This is so since if u is a solution with vanishing data and
Leibniz’ rule were satisﬁed then u2 would be a nonnegative bounded solution and
therefore vanish. In particular the counterexamples cited at the outset imply that
Theorems 3 (resp. 4) does not extend beyond the R2 (resp. autonomous R1þ2)
settings.
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